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These conclusions are limited to the cases for which every mode of disturbance is stable, or every mode unstable ; but we know that if dajdz be anywhere positive, instability must ensue. To see this from equation (9), we may regard it as the condition (according to the methods of the Calculus of Variations) that J(dar/dz)w^dz is a maximum or minimum, while Jo- {(dw/dzj* + k2w~] dz is given, — itf/gk* being the then value of the ratio of the integrals. If dajdz be anywhere positive, the first integral admits of a positive value, and therefore of a positive maximum, so that one value at least of n2 is negative, and one mode of disturbance is unstable.
The simplest case of a variable density which we can consider is that obtained by supposing a^da-jdz to be constant, equal say to ft, or, on
integration,
<r~<r0«<"; ................................. (18)
so that all strata of equal thickness are similarly constituted, differing only in absolute density.    In this case, with omission of Ic as before, (10) becomes
(20) (21)
If m1} m2 be the roots of
TO2 + /3?ft-/c2(l + #£n-3) = 0, the general solution of (19) is
w = A4mi* + Betm*> A and JB being arbitrary constants.
Let us now suppose that the fluid is bounded by impenetrable horizontal planes at z = 0 and at z=L Since w vanishes with z, B = — A, so that (21) becomes
w = A(em>z - em*z) ............................ (22)
Again, since w vanishes when z = I, em^1 — em*1 = 0, or e(ni~^m^1 = 1, whence
(TO! — m2) I = 2ai7r,   ........................... (23)
a being an integer.    Thus (22) may be written
w = J.e*K+™*>2 {eiK-mJ* _ e-*(«i-«».)*} = A'e~^z sin (oLtrg/l), ...... (24)
by (20), (23), A' being a new arbitrary constant. The values of n corresponding to the various values of a are obtained by comparison of (20) and (23). From the former
so that
(25) (26) tti weights to be supported.     If v denote the velocity, S the section of tl: stream, p the density of air, the momentum generated in unit time is Spv and the work done in the same time is ^Spv3.    Thus if gM be the who weight sustained,
